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Abstract

This article is concerned with the analysis of pulsatile flow of blood through a stenosed
artery including the effects of external body acceleration. The pulsatile flow behavior of
blood in an artery under stenotic conditions subject to the pulsatile pressure gradient and
external body acceleration has been studied. The effects of pulsatility, stenosis, body
acceleration, yield stress and impedance have been investigated by modeling blood as a
Casson fluid. It is observed that the yield stress of the fluid and body acceleration highly
influenced the velocity of the fluid, shear stress, flow rate and impedance in a stenosed
artery. It is interesting to note that the body acceleration enhances the flow rate and
reduces the impedance.
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INTRODUCTION

Blood flow under normal physiologic conditions is an important field of study, as is
blood flow under diseased conditions. The majority of deaths in developed countries
result from cardiovascular diseases, most of which are associated with some form of
abnormal blood flow in arteries. Blood flow and pressure are unsteady. The cyclic nature
of heart pump creates pulsatile conditions in all arteries. The heart ejects and fills with
blood in alternating cycles called systole and diastole. Blood is pumped out of the heart
during systole. The heart rests during diastole, and no blood is ejected. Pressure and
flow have characteristic pulsatile shapes that vary in different parts of arterial system. In
order to understand the blood flow behavior in arteries so as to provide sufficient
information for clinical purposes, intensive research has been carried out worldwide for
both normal and stenotic arteries [17, 18, 19, 22, 23, 28]. Most analysis assumed the
human blood to be Newtonian and the stenosis to be symmetric to make the problem
more traceable [12, 13]. Various mathematical models have been developed to simulate
blood flow through the stenotic arteries, including Newtonian and non-Newtonian
models [8, 9, 10, 29]. To understand the effects of a single mild stenosis present in the
arterial lumen, a good number of studies [6, 11, 20, 30, 31, 32] on the blood flow
through stenosed arteries have been performed. All these studies were made with the
assumption that the flowing blood is Newtonian and the geometry of the stenosis is a
smooth cosine function.

Due to physiological importance of body acceleration many theoretical
investigations have been carried out for the flow of blood under the influence of body
acceleration with and without stenosis. Sud and Sekhon [21] studied the pulsatile flow of
blood through a rigid circular tube subject to body acceleration, treating blood as
Newtonian fluid. Mishra and Sahu [21] analyzed the flow of blood through large arteries
under the action of periodic body acceleration. Belardinelli et. al. [1] proposed
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mathematical models for various forms of body accelerations. Using Laplace and
Hankel transforms Elshehawey et. al. [5] studied the effect of body acceleration on
pulsatile flow of blood through a porous medium by treating blood as a Newtonian fluid.
Later El-Shahed [4] extended this study for a stenosed porous medium.

In all these investigations blood is modeled as a Newtonian fluid. It is well
established that blood being a suspension of corpuscles behaves like a non-Newtonian
fluid [2, 7, 20] in small diameter tubes. Experiments conducted on blood [3, 16, 26]
suggested that the bahaviour of blood at low shear rates can be described by Casson
model. Majhi and Nair [14] studied the pulsatile flow of blood under the influence of
body acceleration treating blood as a third grade fluid. Flow of a Casson fluid in a tube
filled with porous medium under periodic body acceleration with applications to
artificial organs [24]. Recently a two dimensional mathematical model has been
developed to study the effect of externally imposed periodic body acceleration on non-
Newtonian flow of blood through an elastic stenosed artery where the blood is
characterized by power-law model [15].

In view of the above, an attempt is made in the present theoretical investigation to
evaluate some of the important characteristics of blood flow past an arterial stenosis
constrained with the pulsatile pressure gradient and a cycle of body acceleration. Blood
is modeled as a Casson fluid. Effects of pulsatile nature of blood including the stenosis,
body acceleration yield stress on flow parameters are shown graphically. The yield stress
and body acceleration highly influenced the velocity of blood, shear stress, flow rate and
impedance.

FORMULATION OF THE PROBLEM

Let us consider a one-dimensional pulsatile flow of blood in an artery with mild stenosis
by considering blood as a Casson fluid. The flow is considered as axially symmetric,
pulsatile and fully developed. The geometry of the flow is shown in Figure 1.
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Fig.1. Geometry of stenosed artery

Consider a bell-shaped stenosis geometry given by

E(E) 5 melz
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(1

where R, is the radius of the arterial segment outside the stenosis, E( z ) is the radius of

the stenosed portion of the arterial segment under consideration, z is the axial
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coordinate, & is the maximum height of the stenosis at the throat and m is a parametric
constant, ¢denotes the relative length of the constriction (i.e.& = R,/L, ). The periodic

body acceleration F(E) in the axial direction is given by

F(Z)=a0 cos(wbz+(p) (2)

where a, is the amplitude, w, =27 f,, f, is the frequency in Hz, ¢ the lead angle of
F( E). The frequency of body acceleration f, is assumed to be small, so that wave

effects can be neglected. This pressure gradient at any z may be represent as follows

_P_ A, + A cos(w, 1),

z 3)
where 4,is steady component of the pressure gradient, 4, is amplitude of the

fluctuating component and w, =2r f,, f, is the pulse frequency. Both 4, and 4, are
function of z .The equations governing the flow are

554:_@%3(7@5)#(?)

of & For (4)
or_
or (5)

where 7,z denote the radial and axial coordinates respectively and p denote density ,
u axial velocity of blood, 7 time, p pressure and 7 the shear stress. Casson fluid
relation between shear stress and shear rate is given by

N ou. |2 =
T =7+ 'u(_ﬁ_F) , f727,
CUR rrer [
or ’ (6)
where 7, denote yield stress and u the viscosity of blood. )
The boundary conditions are
u = O at r = R(Z) (7)
7 isfiniteat 7 =0 (8)

Conditions (7) and (8) are the standard no slip conditions at the artery wall.
Introducing non-dimensional variables
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The non-dimensional momentum equation (4) becomes

o’ ou =4(1+ecost)+4Bcos(wt+ @)+ 29 (rz.),
ot ror (10)
, R , ,
where a” = G ),a is called Womersley frequency parameter. Equation (6) can be
HIp
written as ~
L % 0
12 =0 +—=(——)?, if 2
2 ( 8r) 4 .
ou =0 ifr<6
or (11)
The boundary conditions (equations 7 and 8) reduce to D,
u=0 at r = R(Z) (12)
7 isfiniteat r=0 (13)

The geometry of the stenosis in non-dimensional form is given as

2.2 2
R(Z):l—iexp m 822
RO RO RO

(14)

O 1is the maximum height of the stenosis at the throat and m is a parametric constant,
¢ denotes the relative length of the constriction (i.e.e=R,/L,), R(z) and R, are the

radius of the artery with and without stenosis.

Method of Solution

The velocityu, the shear stress 7, the plug core radius R, and plug core velocity u , are

assumed to possess the following form:
u(z,7,t) =uy(z,7,0) + @ u (2,7, 1) + oo (15)

(z,r,t)=1,(2,7,0)+ azrl(z, 03 & S (16)

ejst s (5), 6, 2011 64



e -Journal of Science & Technology (e-JST) 65

R (z,t) =R, (z,0)+ &’R, (2,0) + ccooee..... (17)
u,(z,t) =u,,(z,t)+ azulp (Z,0)+ e (18)

where a(<1.0) is the pulsatile Reynolds number.
Substituting (15) and (16) in equation (10) and equating the constant terms and o terms
we get

ai(mo) = —2r[(l +ecost)+ Bcos(wt + ¢)],
r

(19)
Gy 20 ()p
ot ror (20)
Integrating Equation (19) and using the boundary condition (13) we obtain.
T, =—f(Or, 21)
where f(¢) =[(1+ecos?)+ Bcos(wt+¢)] 22)
Substituting (15) and (16) in (11) we get
—%22[9+|ro|—2 (910], (23)
or
ou,
——=2{7||1-48 /7
or 4l ] (24)

Integrating equation (23), using the relation (21) and the boundary condition (12) we
obtain

u, = f(OR’ l:l—(r/R)2 _2%{1—(7’/R)3}+2]; {l—(r/R)}},

(25)
where k> =6/ f (1)
The plug core velocity u,, can be obtained from equation (25) as
8 k 22k
uy, = f(OR | 1=(R,, / R)’ == —=11=(R,, /| R)* t+=—{1=(R,, / R)} |,
3VR R (26)

where R, is the first approximation plug core radius. Neglecting the terms of o(a’)

and higher power of & in Equation (17) R;, can be obtained from (21) as

R, =0/ f()=k’ (27)
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Similarly the solution for 7,,u,,u,, can be obtained using Equation (20), (24), and (25)

as

z-lzfv(%w{Z(r/R)—(r/Rf— 81\/12{7@/1?) 4(r/R)§H

(28)

JAGLS k16 oo 44 o0 16 o0 L] K I8 3 64 o0 320
u=— [(r/R) +4(r/ RY +3+ﬁ{§( IR — (IR 4+ B 147} R{ (r/Ry - /R)+63H

(29)

(z)R1 o AL 160 0 T IR s G o0 30
[(R) /R +4R, /1@+3+T{ B/ B — &y /R (1% /By 147}4—R{63(1%p/13) o B/ B ?H

(30)
Using Equating (15,16), the total velocity distribution and shear stress can be written as

u f(t)zé[H /ﬁ——{H /@2}» B+ 21y 37{ -1 S 1 {%(r/ﬁ%(r/ﬁ%}}

(31
2 p2
ER =f(t)R{1+a I; Ca- 73’2 }
(32)
where C = f'(¢)/ f(¢).
The volumetric flow rate Q is given by
o= 4'[:(2) ru(z,r,t)dr
2 252
—f(t)R4 4k 1 k +aRC2120k 32( k
47U 3R 16 77 JR 35\JR 33)
From Equation (33) for small &/ JR , we have
2 2 2
f()_Q(t) T_Ei«) 37436 k5 L@ Cz' E+120 k +£k_
R* 7 2 147 R 4R 77 JR 35 R
R (34)
The impedance (resistance to flow), A is defined as
A=(p,—p,)f ()] O). (35)

Integrating equation (34) and using the conditions p=p, at z=0 and p=p, at z=L
and equation (35), we have
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(L-L,)| 1 16 k 37436 k> a’C| 2 120 k 32k’

A= e I s T >t 52 T 32 o3

4 Ry 7 R, 147 R, 4 |3R;, 77 R)? 35R,

1)1 jmo 1 16 k Jmo 1 37436 kK pasn 1 iy
4| R} (R/R,)" 7 R (RIR)"” 147 R} 74 (R/R,)

a’C [ 2 a1 120 k pdrn 1
+ 2 Id 2 dz + 5/2 .[d 5/2 dz +
4 | 3R (R/R,) 77 R; (R/R,)

32 k? pd+i, 1
< 53 ——dz
35 R, 7 (R/R,)

The second approximation plug core radius R, , can be obtained by neglecting the terms

(36)

with a* and the higher power of « in equation (17) in the following manner.
The shear stress |r| = (|z'0| +a’ |rl|) at r =R, is given by

|:|TO|+a2|T1|:|:9 at V:Rp (37)

Using Taylor’s series of |T0| and |Tl| about R, and using ‘rO(ROP)‘ =6, we get

_ _‘TI(ROp)‘

v S@) (38)

from equations (38), (27), and (17), R, can be given by
OR| () () 8 k| (k) (k)

R LOR () RV 8 & ()

7@ 8 R R) 21JR| \ R R

The volumetric flow rate Q(¢) with the help of equation (27) and (30) can be written as

1 4 . 1 . a&’RC[2 120, . 32
)= fOR | —+=(5)"*+=85"+ {—+ S 1/2+—S}
o) = f(1) L 7( ) 3 TERE 77( ) 55

(39)

(40)

where S"=k*/R=6/ f(t)R. It should be notice that in Eq.(40), f(¢),Rand & are
known terms and Q(z) is unknown terms to be determined. The flow rate equation for

the steady flow is

1 4 1
QS:R4[—+—(0/R)”2+—(¢9/R)}
47 3 (41)
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RESULTS AND DISCUSSIONS

For the purpose of examining the validity of the model, the relevant computational work
has been performed for a specific case using available experimental data for the various

physical parameters encountered in the present analysis.
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Fig.2. Axial velocity profiles for e=1, o =1,z=0,¢=0.2,  =0.1

Figures (2,3,4) illustrates the results for the axial velocity profiles of the streaming blood
at the peak of the stenosis for different values of B, 0, 6 and t. In the presence of body
acceleration, velocity increases rapidly. As the body acceleration increases, the plug
region shrinks and hence more flow takes place (fig. 2). For a Newtonian fluid (in large
blood vessels) velocity rises sharply on the axis of the tube. Increase in yield stress,
reduces the velocity as a result of which the plug flow becomes prominent (fig. 3). For a
fixed value of yield stress and body acceleration, the axial velocity decreases with time
in a stenosed artery (fig. 4). The combined effect of stenosis and yield stress is to

enhance the plug flow region.
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Fig.3. Axial velocity profiles for e=1, o =1,z=0,¢=0.2, ¢ =0.1
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Fig.4. Axial velocity profiles e=l,w=1,z=0,¢=0.2,2=0.1
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Figure 5 shows the effects of various parameters (e, 0, B, ) on the plug core radius.
When the body acceleration is not present, in the time cycle, the plug core radius is

i t=07° . : . t=180"
minimum when and it reaches its maximum at .
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Fig.5. Variation of plug core radius R, with time at stenosis throat

0.3
0.23 A
0.2
013 A
0.1

0.05 4
L

In the presence of body acceleration it is seen that plug core radius rises from a
minimum value and attains a maximum at ¢#=120° and then starts decreasing at
t =180" . The same behavior is seen when ¢ goes from ¢ =180° to ¢ =360".

Figure 6 demonstrates the variation of plug flow velocity for different values of yield
stress. In the absence of body acceleration, the plug flow velocity decreases with
stenosis height, & and it approaches zero when o6 =0.46 and in the presence of body
acceleration when 6 =0.49. It means that for this set of parameters whole region of
flow is plugged.

It is clearly depicted from figure. 7 that the plug flow velocity is symmetrical about the
time ¢ =180". The plug flow velocity is very less in the absence of body acceleration
and when t goes from 90° to 120° it is more than the corresponding case when body
acceleration is present.
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Fig.6. Variation of plug velocity u, with stenosis height &
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Fig.7. Variation of plug velocity u, with time ¢

http://e-jst.teiath.gr 71



e-lMepiodikd EmoTtAung & TexvoAoyiag 72

0.7 4

B=1 §=04

05

g

0.5

0.2~

£=005¢e=05
8=01 e=05
B=005¢e=07

0.1 4

0 T = T —¥ T ]

0 60 120 180 240 300 360
Fig.8. Wall shear stress distribution for different values of 6 and e

Figures (8, 9) represent the variation of wall shear stress with time t for different flow
parameters (e, 0, B, 0). At the stenosis throat, the shear stress is symmetrical about

t =180" . In the absence of body acceleration, one can observe that the wall shear stress
is less to the case when body acceleration is present.
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Fig.9. Wall shear stress distribution for different values of B and 6
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Fig.10. Variation of flow rate Q(¢) with e

The variation of flow rate with pressure gradient is described in figure. 10. For a
Newtonian fluid (8 =0), the curves are linear and when 0 increases, the curves are
slightly non-linear. Flow rate reduces with increasing value of 9. It is observed that body
acceleration enhances flow rate.
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g
Fig.11. Variation of flow rate Q(¢) with &

Figure. 11 reveals the variation of flow rate with yield stress. Increase in 0 results a
substantial decrease in flow rate. This is due to increase in width of plug flow region.
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Fig. 12. Variation of flow resistance with stenotic radius o

In figure. 12, the variation of the impedance (flow resistance) with the stenosis size has
been shown. It is observed that the impedance is highly affected by a small increase in
the height of stenosis. In case of a Newtonian fluid (€ = 0), the impedance is very low.
In case of non-Newtonian fluid, the yield stress creates more impedance. Hence both the
stenosis and yield stress increase the impedance. In the presence of body acceleration,
the impedance decreases due to increase in the velocity of fluid.

CONCLUSION

The present study deals with a theoretical investigation of the characteristics of pulsatile
blood flow through a stenosed segment of an artery including the effects of external
body acceleration. Blood is represented by Casson (non-Newtonian) fluid model. Using
appropriate boundary conditions, analytical expressions for the velocity, yield stress,
impedance have been obtained. The yield stress of the fluid and body acceleration highly
influenced the velocity of the fluid, shear stress, flow rate and impedance in a stenosed
artery. It is interesting to note that the body acceleration enhances the flow rate and
reduces the impedance. So this study is more useful for the purpose of simulation and
validation of different models in different conditions of arteriosclerosis. This study also
provides a scope for estimating the influence of the various parameters mentioned above
on different flow characteristics and to ascertain which of the parameters has the most
dominating role.
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